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p+qu1[2,A1 (modp) »2 p+q=g, (modq) _x THHHH
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p=npp+g," +g" " (modq)
gq " =ng M+ g, 49T (mod @)
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p—q=-g" (modp) »2 p—q=g 231+1 (modq) _x THE0H
MM, % 5:fF my=p, My=q

pq = Mgms MM; = qM; =1 (mod p)

(my=p,my =q)

M.M! =1 (mod my)
KXoTEDONLEL L
bo = —MMj g2 + M, M} g2
&35,

+1

Z DI, 3
b=by, (modpq) (b=p—q
; 2Bi+1

b=-MMjg:" + M,M} g

A7 AR K 2 e 35 bDHD 2F

(mod pq)

m;=q, My=p
M,M; =pM; =1 (mod q)

FARFR

p—q= M1M192A1 + MZMégsBlﬂ (mod pq)
p—q=—qMig,"t +pMyg:™""  (mod pq)
p—q=-(1+ap)g," + (1 +bg)gy""" (modpq)
p—q=-g,"" —apg;™ + g2 + bagi ! (mod pq)
pP—q= —gf, agf,Alp + gsBlﬂ + ngBl+1q (mod pq)
p—q=-g,""—(aq+mp)p + g2 + (bp + mq)q (mod pq)
p—q=-g." —apq—np® + g:>*" + bpq + mq?>  (mod pq)
pP—q= _glz) —np? + géBlH +mq? (mod pq)
p—q=-np?+mqg?— g, +g:" (mod pq)

2B;+1

¥/, p—q E—np2+mq2—gpA1+g
gXM1 gttt BRI C

(mod pq) T®H BIf

p Yq
g;Al 231+1(p D=g 2A1 231+1( —np? + mq? _gpA1+ 231+1) (mod pq)
24, 2B;+1 24, 2B
gp "9q p - 9 '9q g
=—g,"9q T mpt + g gy T ma? — gyt gy gt + gy g gg T (mod pg)
24, 2B;+1 24, 2B
gp lgq p - 9 '9q g
2A1(gZBl+1np2)+g231+1(92A1mq2) g4A1g§Bl+1+g§AlggBl+2 (mod pq)



ZokE @ @&V

24, 2B +1 24, 2B;+1
9p Yq b—9p Yq q
— 2A 2A 2B,+1 2B{+1 A 2B 2A B.+2
=—g. " (-g;"p) + 9.7 (—9. M a) — g, 9 + g3 g " (mod pg)
2A 2B,{+1 2A 2B 2A 2A 2B,+1 2B,+1
99— g Mg  g—g2 (g0 ) + 90 (g )
=-g,"90 "+, 95" (mod pq)
g;AlgsBl‘Flp _ g,Z,Algf,Blﬂq—nglp + g331+2q = _g:AlgsBl+1 n g;A1g331+2 (mod pq)
—g;Alp +g;A1g§Bl+1p —gﬁAlgf,BIHq +g331+2q = _g:AlgsBl+1 +g;A1g331+2 (mod pq)
2A 2B,{+1 2A 2B;+1 2B;+1 2A _ 2A 2B,+1 2B,;+1 2A
9, g =g, g, e T gy a=g,g, (9 —9,”t)  (mod pq)

24, 2B;+1 2B;+1, 24, 2B;+1 24, 2Bj+1( 24,

—g: (g = g Y — g2 gy - 92 g = g g (gr M —g2P ) (mod pq)

24, 2B;+1 2B;+1, 24, 2B;+1 24; 2By+1; 24;

Q;Al(gp — Y4 )P+ 9q Gp ' — 94 I =9, '9q 9y géBlH) (mod pq)
X



T X+, XV

g;Al(gpAl +g231+1)p+g231+1(gpA1 + 231+1)
+gpA1(g2A1 9231+1)p+9231+1(g2A1_ 231+1)
:g;Al 2Bl+1(gpAl_'_g231+1)_|_gzl41 215’1+1(ng1 231+1) (mod pq)
2A 2A 2B A 2A 2B
a2 + g2 p + g7 (gp M — g2mth
n 231+1( §A1+g231+1)q+g231+1(g2‘41 _ 231+1)
:g;Al 2Bl+1(gpAl_'_g231+1)_|_gzl41 215’1+1(ng1 231+1) (mod pq)
g;Al(gpAl +g231+1+g12,A1 g231+1)p+g331+1(gpA1 +9231+1+912,A1_9231+1)
_g;Al ZBl(gpAl +g231+1+g12)A1_ 231+1) (mod pq)

g;Al(gpAl +gpA1)p+gZBl+1(gpA1+g,,A1)q ng1 231+1( ;Al +g2A1) (mod pq)

24,

g.p x 295" + g7

2B;+1 24, _ 24, 2B;+1

qx2g," = gagi " x 292" (mod pq)

ZOWF (2,pq) =1 LWtz 2 THl- T

24, _ 2A, 2B;+1 24,

qX9p =U9p Yq X 9p

24,

2A 2B,+1
gl x g+ gqtt

(mod pq)

44, 2B;+1 2A;  _ 4A; 2Bi+1

~ gy P+H9q " 9y A=9p 'Ygq (mod pq)

Z DI (gprp):1 (gp,q)=1 £ (gp,pq)=1
c (g™ pa) =1

o Tz gy THEloT

24, 2B;+1_ _ 24, 2Bi+1

9y P+gqg ' A=9, '9q (mod pq)



IT. (9p,9)=1 222 (gq.p)=1 Thok

24, 2B;+1 24, 2Bi+1

9y P+tdg ' A=9, ‘9q (mod pq)
= q=g." (modp) 2> p=g;* (mod q)

g+ g0 g = g gl (modpq) D

EreorriR

g p+ g7 g = gy gl (mod p)
o
g p+ g7 g = gy gl (mod q)
CIEETH B,

X, Eito iz

9.7 q = gy g2™ ™ (mod p)
o

g =g."1ge ™ (modq) __ n
LIFEfECH %,
Z DHF (gq ,p) =1 XV (g;BlJr1 ,p) =1
X, (gpq)=1 &Y (g2",q)=1
feoT, kool z g2t gt cxnEnElo T

_ 24,
q=g, = (modp)
DD

p= gfIBlH (modq) ___ %
oW, Yoo ifERoznEhic gl gh 2T AbE S L
Y DIHRAN LR B 72050 O FER & o HERXIIFETH 5,

AEXY, hEdom@EsKizs s,



[ich254])

(9p,0)=1 »2 (gq,p)=1 TH5BH

_ 24,41

q=g, (modp) 2 p= gsBZ (mod q)
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pq = Mgmg MiM; =qM; =1 (mod p)
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p+q=g."2" + (ag+mp)p + 9.7 + (bp + mq)q  (mod pq)
p+q= gf,AzH + apq + np? + gfIBZ + bpq + mq? (mod pq)

p+q=g,"" +np?+g;" +mg? (modpq)
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p+q=np?+mg*+g," + 9. (modp) _®
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p+q=np?+mg*+g," 4. (modq) _@
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p+q=nmp?+mqg?+ g, + g2 (modp)
q=mq®+g,"*"" +g.% (modp)
G2 = mg? + g4 4 7% (mod p)
g2 = mgq + g2 + g2 (mod p)
0= mg;AZHq + gsBZ (mod p)
mg;AZHq + gfIBZ =0 (modp)

mgy g =—g2%  (modp)

24,+1

mgy?"q? = —g2%q (modpq) _3'
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9a P =ngyp+ g, +gg  (mod q)

0= ngssz + gllz,A2+1 (mod q)
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ng;sz + gf,AZH =0 (modq)
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=9 9q NP +gp 9q "Mq +gp 9q "9p
24,+1 2B, 2B,
t9%  9q Iq
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9p 94q P9, 9dq 4
_ 24,+1, 2B, 24,+1 44,42 2B,
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_ 24,41 24,+1 2B, 4A,+2 2B, 24,+1 4B,

= g2 N (—gr D) + 95 (— g2 ) + g5 P 9i % + gy gy

2A,+1 2B 2A,+1 2B 24,+1, 24,+1 2B, , 2B
9p 2 9q P+9yt 9qdtg, (9p 0 P) t9q (9q °9)
4A,+2 232+ 24,+1 4B,

q

9y 2 g4 ¢ (modpq)

=gp

24,+1 2B, 24,+1 2B, 44,42 4B,

9p 94q Pt Y, 94q 41 9y pt94°q

4442 (2B | 24,+1 4B,
q

9p 2 9q > (modpq)

:gp

4A,+2 2A,+1 2B 2A,+1 2B 4B
9p - Pty ’ g Pty 9dq 4t 9q 4
4A,+2 2B 2A,+1 4B
2 2 2 2
q +

9p 2 gq > (modpq)

:gp

24,41 24,41 | 2B, 2B, [ 2A,+1 , 2B,
9p Ip +9q 2 p+4g (95 +9q )4
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2B,

24,+1 4B,
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—q = 2A2+1 (modp) 2»2 p= gq 52 (mod q)

P—q=-—g, 2421 (modp) 7O p—q ngIBZ (modq) _x TH5HHH
MM, % 5:fF my=p, My=q

pq = Mgm MM; = qM; =1 (mod p)
(my =p,m; =q) m;=q, My=p

M.M! =1 (mod my) M,M; =pM; =1 (mod q)
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b=b, (modpq) b=p—q

b=-MMjg;">"" + MMy 92" (mod pq)

L p—q=-MMgy"*" + MM} g”  (mod pq)

p—q=—qMig,"*"" +pMyg7® (mod pq)

p—q=—-(1+ ap)g2A2+1 +(1+ bq)g;B2 (mod pq)
p—a=-g,""" —apg,"" +gg" +bqgs"™ (mod pq)

p— q = g12)A2+1 ag;A2+1p + g;BZ + bg;qu (mOd pq)
p—q=-gy*" —(aq+np)p + g;”* + (bp + mq)q (mod pq)
p—q=-g-"" —apq — np* + g2 + bpq + mq® (mod pq)
p—q=-g,""" —np*>+g;” +mg*> (mod pq)

24,+1 2B,

p—q=-np*+mq*—g,"*" +g;° (modpq)

24,+1

7. p—q=-np*+mqg® - g, +g;B2 (mod pq) T» 5 If

g;AZHgZB2 anipRe::\o e

g;A2+1 zsz(p D=g 2A2+1 232( —np? + mq? gIZ)Az+1 g;BZ) (mod pq)

g;A2+1 g;sz 912)A2+1 9232
g;A2+1 g;anp + gzz)A2+1 g:Bz gzz)A2+1 g:Bzg;A2+1
+ g, g% 92" (mod pq)
g;A2+1 g;sz 912)A2+1 9232
- _ 2A2+1 (gZanpz) + gzsz(guzﬂ qu) g4A2+2 9232 + g2A2+1 g;LBZ (mod pq)



ZOkE @ @Y

g2A2+1 gZBZp g2A2+1 g232
p q P q
2A,+1 2A,+1 2B 2B 4A,+2 2A,+1 4B
= —g, " (=g p) + 927 (- 92" q) — 95" 957 + gy g™
2A,+1 2B,+1 2A,+1 2B 2A,+1 2A,+1 2B 2B
S g =9, g ta—9,7 (9,7 p) + g, 2 (95 2q)
_ 4A,+2 2B 2A,+1 4B
= D z q 2+ 2 gq 2 (mOd pq)
2A,+1 2B 2A,+1 2B 4A,+2 4B
9p 2 9q P gpz 9q °9—9p * P t39q 4
g:A2+2 2B, + 2A2+1g332 (mod pq)
4A,+2 2A,+1 2B 2A,+1 2B 4B.
-9y ° p+gp2 9dq °’P— gpz 9q 29+9q 9
4AL+2 2B, 2A +1 4B
—9p ° Ydq 277gq 2 (modpq)
2A,+1 2B. 2A +1 2B 2B. 2A +1
; 2 2 2 )p +g 2(g 2 _ 2 )
_ 2A,+1 2B 2B 2A +1
=9 : q : q ‘- Ip : ) (mOd pCI)
2A,+1 2A +1 ZB 2B 2A +1 ZB
-9, 2 gp 2 z)p g z(g 2 z)q
_ 2A,+1 2B,+1 2A +1 ZB
= ; 2 . 2 ; 2 2) (mod pq)
2A,+1 2A +1 ZB 2B 2A +1 ZB
; 2 gp 2 2)p+g z(g 2 z)q
_  2A,+1 2B 2A +1 ZB
=g, 2 ;. 2 ; 2 2) (mod pq)
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(mod pq)
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2A,+1 2A,+1 2B 2B 2A 1 ZB
9 G g+ gq (g, + g0 )

+g12)A2+1 gzz)A2+1 232)p+g332(g2A2+1 ZBz)q
Egzlz),42+1 232(92A2+1 +g232)+gZA2+1gCZIBZ 9127A2+1 _g;Bz) (mod pq)
g;A2+1 gzsz2+1 +gq32)p+g2A2+1(g2A2+1 zsz)p
2Bz(g2A2+1+g;32)q+9232(g2,42+1 zsz)q
Eg;A2+1 232(92A2+1+g;32)+92A2+1g232 9122A2+1 g;BZ) (mod pq)
;A2+1 g§A2+1+9232 +92A2+1 gq 2)p+g232(gz'42+1+g232 +g2A2+1 ZBZ)q

Egzlz),42+1 232(92A2+1+g232 +g2A2+1 232) (mod pq)

g;A2+1 g12JA2+1 +g12]A2+1)p+g232(g2A2+1 +g;A2+1)q
Eglz)A2+1 232(92A2+1 +g12)A2+1) (mod pq)
g;A2+1p % 2ngz+1 + g:qu % 2ngz+1 = g;AZHg;}E;2 % 2ngz+1 (mod pq)
ZOWF (2,pq) =1 LVilild% 2 THl- T
g;A2+1p % gzz)A2+1 + g;qu % gzz)A2+1 = g;A2+1g;BZ x 92A2+1 (mod pq)

44,42 2B, 2A,+1  _ 4A,+2 2B,

gy Pt 9y 4=gp 0 T9q 0 (modpq)

oW (g,,0) =1 (g5,9)=1 XY (g,,pq) =1
24,+1 _
L (g2 pg) =1

2A +1
e o CHd% 2 T#H| 5T
24,+1 215’2 24,+1 2B,

9p 2 PtYgg q=gy, © gq @ (modpq)



I. (gp.q)=1 22 (gq.p)=1 TH2HK
24,+1 2B, 2A2+lg£2132 (mOd pq)

Ip p+ 9q "4=9p
> q=g,"" (modp) »2 p=g2” (modq)

9. p + g2q = g7 gl (modpq) D

EreorriR

g p + g2 q = g, g2 (mod p)
o
g p + g2 q = g, g2 (mod q)
CIEETH B,

X, Eito iz

9:%q = g;* ' g2%  (mod p)
o
g,z,AZHP - gZZJA2+lg;BZ (mod q) _ Yes
CIEETH B,

Z DHF (gq,p)=1 Q) (g;BZ,p)=1
24,+1 _
;Q)—l

X (gpra)=1 XY (g,
ftoT, Lo Romdz g2, gt crnEnElo T

_ 24,41

q9=9p (mod p)
i)

p= gfIBZ (mod q) ___ x4
C O, Yoo EROZNENI g2, g2 AT A b s L

Y3 DIFRAN LR B 72050 0 R &S o HEXIIFRETS 5,

AEXY, hEdom@EsKizs s,



[iicdh 2 54])

(9p,9)=1 »2 (gq,p)=1 Thol
q= g™ (modp) 2o p= g2 (modq)

o gf,Allp + g;B{q = g;Arlg;B{ (mod pq) DFEEHH

L. (gp.a)=1 2 (gq.p)=1 THBH

g =g (modp) »2 p= g2 (modq)
24} 2B] 24} 2B

> g, ' Pt+ds 'qa=9, '9q - (modpq)

q= gf,All (modp) 7»> p= gsB{ (mod q) T®H 5k

p+q5g;‘4’1 (modp) 7 p+qu§B{ (modq) _x THE0H

MM, 7% 5:fF my=p, My=q
pq = Mymg MM =qM; =1 (modp)
(my=p,m, =q) m,=q, My=p
M.M. =1 (mod my) M,M; =pM; =1 (mod q)
KXoTEDOLNLEE L
;24 , 2Bj
ap = MMig, " + MoMg,
L35,

Z Oy, I EFRAX 2L T 5 a DIEDEIZ AR

a=a, (modpq) (a=p+q

a =M Mg,"" + MMjg2"  (mod pq)

, 24% , 2Bj
p+q=MMg, " +M;M;g," (mod pq)

;24 , 2B]
p+q=qMig, " +pMyg, * (mod pq)

p+q=(+ap)gs™ + (1 +bg)g2”  (mod pq)

p+q=g2" +apg2™ + g2" +bag?™  (mod pq)
p+q=g2" +agiip+g2 +bg2%q (mod pq)
p+q=g2" + (ag +np)p + g2% + (bp + mq)q  (mod pq)
p+q= gz[z,A’1 + apq + np? + g;B{ + bpq + mq? (mod pq)
p+q= gf,All +np? + g;B{ +mqg? (mod pq)

p+q=np*+mqg®+ ngll + gsB{ (mod pq)



Z DI ERC O iE

p+q=np?+mg?+g" + gl (modp) _o

DD

p+q=np?+mg?+g" + gl (modq) _®

LEfETH %,

© DK

p+q=np?+mqg*+ g;A; + gsB{ (mod p)
q=mq®+g2" + g2 (modp)

92 =mg? + g2 + g2%  (mod p)

92" =maq + g2 + g2 (mod p)

0= mg;A;q + gsB{ (mod p)

mgzz,Arlq + gsB{ = (mod p)

mg2*iq = —g2"  (modp)

mg,q> = —g:"'q (modpq) _3

© DI

p+q=np?+mqg*+ g;Al + gsBl (mod q)
2B]
a

p=mpp+g,t +g; (mod q)

p=np? + g2 + g2 (mod q)

g =ngyp+g," +gg" (modq)
0= ngsBlp + gllz,A1 (mod q)
ng;Blp + gf,Al =0 (modq)

ng2’ip = —g2"*  (mod q)

ng:p? = —g,'p  (mod pq) _®

%72, p+q =np? +mqg? +gz,2,A,1 + QZB{ (mod pq) Tk % kf

q
GG AEDICHNT T
g2 g2+ @) = gy gl p? +ma? + g2 + g2 (mod pg)

24} 2B] 244 2B]
9p 9q Pt9p 9q 4
244 2B 244 2B; 244 2B] 24 24} 2B 2Bj

=9, 9, mp*+9, "9, 'ma®+g,'9; "9y, " +9y "9 95+ (modpq)



24 2B] 24} 2B]
9p 9q Pt9p 9q 4
244 , 2B; 244 44" 244 4Bj

=g, '(g; mp*) + g;Bl(gp mq*) + g, gsBl +3, "9, (mod pq)

ok 6 ©'Xb
2A} 2B] 24} 2B]
9p '9q P+9p "9q 'q

24" 2B] 44} 244 4Bj

=g, (g, D)+ 92 (—g. ) + 95 g0+ gaggt (mod pq)

2A} 2B] 24} 2B] 247, 24 2B}, 2B]
9p 94 P+ 9p "9q qt9y 9y 'P) +94 (g D
44 244 4B

=g, 9.7 + g2 g,"t (mod pq)

2A} 2B] 24} 2B] 44 4B 4A} 2B} 2A} 4B]
9p '9q Pty '9q Aty P +9dq A=Gp 9q Ty '9q (modpq)

44 244 2B] 244 2B 4B] 44} 24} 4B]

2B]
gp p+gp gq p+gp gq Q+gq qup gq1+gp gq (modpq)

247 2B

24, 24 2B] 2B] , 24} 2B) 24 2B] .
9p "Gy "+ 9 I+ (9t 9q DAI= 9y 'Y (gp '+9,q ) (mod pq)



X, q= g;A; (modp) »2 p= gfIB{ (mod q) T& Bl
~q=—g," (modp) #2 p= gy (modq)

p—qE—g;All (modp) 22 p—ngsB{ (modq) _x THHHH

MsMs, %%ﬁ: m =p, M;=q

pq = Mymg MM; =qM; =1 (modp)
(my =p,m; =q) m,=q, My=p

M.M! =1 (mod my) M,M; =pM; =1 (mod q)
KXoTEDOLNLEE L

by = —MM;g2™ + M,Mg2"

L35,

Z ok, A ERAXEZHE T 5 bOfED 2R IT A
b=b, (modpq) (b=p—-q)

244 ; 2B]

b=-MMg," +M;Mg, " (mod pq)
. 24} ; 2B]

p—q=-MMig, " +M;M;g,; " (modpq)

D

, 24% , 2B}
p—q=—qMig, * +pMzg, * (modpq)

p—q=—1+ap)gs™ + A +bgl”  (mod pg)

p—q=—g2" —apg?™ + g% + bqg2®  (mod pq)
p—q= —gﬁAj —ag p+gi + lfgﬁqu (mod pq)
p—q=-g,""—(aqg+np)p+g;" + (bp + mq)q (mod pq)

p—q=—g,"t —apq—np®+g; " +bpq+mq> (modpq)
p—q=-g, —np? + g, +mq® (mod pq)

p—q=-np?+mq>—g," +g.7" (mod pq)

72, p—q = —np? +mqg? —g;A; +g;B{ (mod pq) T®H I
9. gs" AL <

2A} 2B] 24} 2B] 24 2B)
9y '95 0= =g,""g; '(—mp*+mq®—g," +g, ") (modpq)

24} 2B] 244 2B]
9p 94 P~ 9p Y9q 4
244 2B] 244 2B; 244 2B] 24 24} 2B 2Bj

=-g, "9 MP*+ 9, "9, 'Ma*—9,"'9,5 9y "+, ‘94 94+ (modpq)

24} 2B] 244 2B]

9p 9q P—9p Yq 4

_ 24} 2B) 2Bl [ 24 4A} 2B} 2A} 4B]
= —g;" (927 np?) + 957 (95" ma?) — gy 93" + 93" g3 (mod pq)



ZokF ® ©XY
24} 2B] 244 2B]

9p 9q P—9p Yq 4

_ 24} 24 2B] 2B) 44% 2B} 2A} 4B]
=—0p 1(—gp 1p) +3q 1(—gq IQ)—gp "9q '+ 9p "9q  (modpq)

24} 2B] 244 2B] 24}, 24 2B] , 2Bj
9p '9q P—9p '9q 49y (9p 'P) +9q (g D)
44} 244 4Bj

=—g," 9.7 + g, g5 (mod pq)

24} 2B] 244 2B] 44 44} 244 4Bj

By 2B}
Ip "9q P~ 9p Yq 9 9p P+93 q=-9g, '9q "t 9p 'Yq (mod pq)

44} 24} 2B] 244 2B] 44 244 4B]

By 2B]
~0," P +9,"95"p — 9,95 a + 99" a = —g," 95 + 9,79, (mod pg)

24}, 2B] 2B] 244 23{( 2B]

9y 93" = gy + g3 (0 - 9pa = 95" 92 (957 - 95™)  (mod pg)

24} 24" 24" 23{( 241 2B]

0,0 = 9. P~ 937 (9, — 93 = g3 97" (9795 (mod pa)

24}, 24 24} 244 2B1 ( 24]  2Bj

924 (g2 _g;Bl)P +g§Bl(gp —gZBl)q =9y 'Y9q (gp —dq ) (mod pq)

Ko



T X+, XV

24, 24 2B] 2B] , 24} 2B)
9p Gy "+ DP+9q 9y + 94 Da
241 . 24 2B) 2B, 24 2B]
+9, "Gy " —9q I+ (G T —9q D4
_ 2AY 2B] 24} 2B] 24} 2B] 24} 2B)
=9 1gq 1(91) ! +gq 1)+gp 1gq 1(gp 1_gq 1) (mOd pQ)
24, 24 2B] 24, 24 2B]
9p Gy "+ P+ 9y Gy " —9q P

2B, 24 2B] 2B, 24} 2B)
+9q "9y '+ 94 DA+ 9 9y 94 D4

244 2B 244 2B] ( 24)  2B]

= gy g2 (g3 + 02%) + gt gt (g2 -g2™)  (mod pg)

24, 24 2B] 24 2B) 2B, 24 2B 24 2B)
9p Gy "+ Gg TGy =9 I+ Gy 9 9y 9 )4

244 2B] 241 2Bj

=g, 9.7 (95" + 92 + g5 —g2™)  (mod pq)

24, 24 24 2B, 24} 24 2A} 2B] 24 24
9y (G "+ gy P+ (9 9, DA=9, g, 1(gp '+ 9, 1) (mod pq)

g px 26, + g2 g x 20 = gy g x 29, (mod pq)

ZoOk 2,pq) =1 X VL% 2 THl- T

24 24 2B) 24 2A} 2B] 24
9p PXGp " +gqg qXGp =9y '9q ' Xgp ' (modpq)

44} 2B] 2A% _  aA] 2B]

S g, gy 9y =9, g, (mod pg)
ZOW (gp,p)=1 (gp.a)=1 £ (g,,pq) =1
(6 0) =1

ft> CHLE g% THlo<

24} 2B]  _ 24} 2Bj

9p 'P+9s 'q=9, ‘9, - (modpq)



IT. (9p,9)=1 222 (gq.p)=1 Thok
24} 2B] 244 2B]

9p 'P+9s 'a=9g, 9q - (modpq)
> q=g2" (modp) 72 p=g2" (modq)

2A/ ZBI ! !
9 p+9.q=g.g)" (modpq) DR

EreorriR

92Mp + g2%q = g2 2" (mod p)
B0

g2Mp + g2%q = g2 2" (mod q)
LIAETH %,
N, EFidosfEix

92%q = g2"g2"  (modp)

B0

g = gt gl" (modq) Yo

LIAETH %,

2B]

ZOW (gy,p)=1 X9 (gq ,p)=1

X (g9p.9)=1 &V (gf,All,q)=1

feoC. LEonRROmLE g2, g2 czhENnEo><T
_24)
q=g, = (modp)
0
p=g" (modq) __Yo
ZOW, Yo ofRROZNTRIC g2, oM 2T ADbED L

Y DIHRAN LR B 72050 O HFER & o HEXIIFRETH 2,

PAEXY, hEdom@EsKizs s,



[ivTd 28545])

(9p,0)=1 »2 (gq,p)=1 TH5BH

9= g;"" (modp) 2o p= gt (mod g)
o g;A;+1p+gsB§+1qu;A’2+1 §B£+1 (mod pq) DIFWA

L. (gp.a)=1 2 (gq.p)=1 THBH

!
245+1

2Bj+1

q =0y (modp) »2 p=g, (mod q)
N g;AQHp n g£2135+1q = g;A;Hg;B;H (mod pq)

_ 24541
q=g;
p+q=g2"" (modp) 2 prq=g

MM % St

pq = Mgmg

(my =p,my =q)

MM, = 1 (mod my)

KL TEDONIEE L

q

(modp) »2 p= géBZ’H (mod q) T® 5k

2B+ (modq) _x THHHH

my=p, My =q
MM; =qM; =1 (modp)
m2=q' M2=p
M,M; =pM; =1 (mod q)

ag = My Mjg2**™ 4 M, M} 2%+

&35,

Z ok, IV ERAXEZEE T 2 a DfEDOEEIT AT

a=a, (modpq) (a=p+q

a= M1M{Q;A,2+1 + MzMégsBéJr1 (mod pq)

L p4q = MMGEET 4 MMygPt (mod pq)
p+a= Mgy +pMygi™ "t (mod po)
p+a=(+ap)g2 ™ + (1 +bg)g?%" (mod pg)
p+q= g;A£+1 n apglz,AIZH n g;BZ’+1 N bqg23£+1 (mod pq)
p+a=g," " +ag, p+gi" M + g g (mod pg)
p+q= g2 + (ag +np)p + g2 + (bp + mq)q  (mod pq)
p+q=g2"" +apq+np? + g2 + bpq +mg?  (mod pq)
ptq= gzz,AIZH +np? + géBZ’H +mq? (mod pq)
p+q = np? + mq? +g12,A,1+1 n g§B£+1 (mod pq)



Z DI ERC O iE

245+1

p+q=np?+mq’+g, Jret

+ 94

(modp) _@
DD

245+1

p +q = np? + mq* + 9, 2B+t

t 94 (mod q) _®

LFRfETH B,

@ okf
245+1 2Bj+1

p+q=np*+mqg*+g,"" +g,
g=mq®+ g§A2+1 + g;BZH

g;A2+1 = mg? + g;A2+1
g;A2+1 = mqq + g;AZH
0= mg;A2+1q + g232+1
mg;AZHq + g;BZH =0 (modp)

2A2+1 2B)+1

mg, —9Jq (mod p)

(mod p)
(mod p)

2Bj+1
q
2Bj+1
q

(mod p)

+g (mod p)

+g (mod p)

245+1 g = 2B5+

mg, —9.%"q (modpq) _@'

DI
245+1 2Bj+1

p+q=np*+mqg®+g," +g,

p=np?+ g;A2+1 n g;BZH (mod q)
n 9232+1 (mod q)

2Bh+1 _ 245+1

Y9q =Enpp + gy q

g;BZH = ng;BZ+1p n g;A2+1 n g;BZH (mod q)

0= ng232+1p n ng2+1
= "q

ng;BZHp n g;A2+1 =0 (modq)

ZBZ+1 245+1

ngq —9p (mod q)

(mod q)

(mod q)

ZBZ+1 2 = _ 2401

ng, -9, > p (modpq) _®

%72, p+q =np? +mqg? +g§A2+1+g§Bé+1 (mod pq) T»H BIf

gZA'2+1 2Bj+1 AT e

p
g;A2+1 232+1(p+q)— 127A2+1 232+1(np +mg? +g2A2+1+ 2B)+1

) (mod pq)



245+1 2Bj+1 2A2+1 2Bj+1
p 9q p+ 9q q
_ 24h+1 ZBZ+1 2 245+1 2Bj+1 24%+1 2Bj+1 245+1
= Yp 9q np +g 9q mq +g Yq P
245+1 2Bj+1 2Bj+1
+9, % 9q° 9q (mod pq)

2A5+1 2Bj+1 245+1 2Bj+1
p . 9q PFGy ng q
_ 24%+1, 2Bi+1 2By+1, 24%+1
=9, (9q 0 mpP)+gg (g, ma) +g,77 g,

4AL42 2Bj+1 245+1 4Bj+2
+9, % 9q (mod pq)

ok @ ®'&b
2A5+1 2Bj+1 245+1 2Bj+1
p . 9qgl PTG ® ng q
_ 2AL+1 245+1 2Bj+1 2B5+1 4A5+2 2Bh+1 24%+1 4Bj+2
:gpz (- pz p)+g2 (gz q)+g,,2 ng +.9p2 ng (modpq)

2Bj+1, 2Bj+1

p) +9q 99 2 Q)

245+1 2Bj+1 245+1 2Bj+1 2A2+1 245+1
9q PTGy 9q° 4t gy (G

p q p
_ 4AL+2 232+1 24%+1 4By+2
=Yp 9q + Ip 9q (mOd PQ)
245+1 2Bj+1 245+1 2Bj+1 44542 4Bj+2
9p Y9q p+g, q q+9p P t9,q q
_ 4A2+2 2Bj+1 245+1 4Bj+2
=9y 9q + Ip 9q (mOd PQ)
4A5+2 245+1 2Bj+1 245+1 2Bj+1 4Bj+2
9p p+g, Y9q p+g, Y9q q+9, q
_ 4A%+2 2Bj+1 245+1 4Bj+2
=9y q + Ip 9q (mOd PQ)

245+1 ( 2AL+1 2Bj+1 2By+1 245+1 2B5+1
9p° (g fUtgg )p+g ’ (gpz t9q° )q

D

245+1 2Bj+1 245+1 2B5+1
=9," 94" (gp it ggt )(modpq) _ X3



X.q=g 2A2+1 (modp) »2 p= g232+1(modq) TH 5 It

~q =g (modp) »o p= gl (modq)

p—q=-—g 2A2+1 (modp) »2 p—q=gyg ZBZH (modq) _x THE0H
MM, % 5:fF my=p, My=q

pq = Mgms MM =qM; =1 (modp)

(my=p,m, =q)

m,=q, My=p

M.M! =1 (mod my) M,M; =pM; =1 (mod q)

KXoTEDONLEL L

b = MlM'gZAZH +M2M'g232+1

L35,

Z Oy, # AR Z R T2 b DfED2RIF A

b=b, (modpq) (b=p-q)
b= —M,Mig2" " + M,Myg2" " (mod pq)

L p—q= MM+ MM g2 (mod pg)
p—q=—qMig2 =" + pMyg2"*  (mod pq)
p—q=—(1+ap)g>™™™" + (1 +bg)g2"  (mod pg)
p—q= glz)A2+1 apgzz,AZH +g;BZ+1 b g232+1 (mod pg)
p—q= glz)A2+1 ag;A +1p +g;BZ+1 n bg232+1q (mod pq)
p—q=—g2"*" — (aq +np)p + g2 + (bp + mq)q  (mod pq)
p—q=—g2"" —apq —np? + g2%*" + bpq +mq® (mod pq)
p—q=—g2"*" —np? + g2 +mg?  (mod pg)
p—q=-np?+mg?— g2 + g2 (mod pg)

72, p—q=-np?+mqg? g;AZH + géBZ’H (mod pq) TH BIF

g2t g2Ptt I T C

;A2+1 232+1(p Q) = g;AZH 232+1( _np? + mq? g;A2+1 n 232+1) (mod pq)

;A'2+1 g;Bzﬂp _ ;A’2+1 g;Bz+1q

= ;A o+l g;BZan +g;A2+1 g;BZ+1 g;A2+1 2BZ’+1 ;A’2+1

+ g,

245,+1 2Bh+1 2Bj+1

p p (mod pq)



245+1 232’+1p_ 245+1 23§+1q

p q p q

_ 245+1 2Bj+1_ o 2Bj+1 ( 2A5+1 2 4AL42  2Bj+1 245+1 4Bj+2

=—9 (gq np® |+ 9q D mq- ) —Yp q + Ip q (mOd PCI)
2ok @ ®'&Y

245+1 2By+1_ 2A5+1 2B;+1

p q P~ 9 Yq
_ 245+1 245+1 2Bj+1 2Bj+1 4A5+2 2Bj+1 245+1 4By+2
= _gp (_gp p +gq —Yq q)— P q +gp q (mOd pQ)

245+1 2By+1 2A5+1 2By+1 24541 245+1 n 2Bj+1 ( 2Bj+1
p q p p q q p Ip p 9q q q
_ 4AL42 2Bj+1 245+1 4Bj+2
=79 q *+ 9 q (mod pq)
245+1 2Bj+1 245+1 2Bj+1 44542 4B} +2

9p Y9q P—0p 9q qa—9p p + Y9q q
245+1 4Bj+2

_ 4AL42 2Bj+1
=—g, a + 9, q (mod pq)
44542 245+1 2Bj+1 245+1 2Bj+1 4Bj+2

—9p p +gp 9q P—9p 9q q +gq q
245+1 4Bj+2

_ 4AL42 2Bj+1
=—g, a + 9, q (mod pq)
245+1 ( 2Bj+1 245+1 2Bj+1 ( 2Bj+1 245+1
e i e | R i (e g I
245+1 2Bj+1 [ 2Bj+1 245+1
p gq gq _gp (mOd PQ)
245+1, 245+1 2Bj+1 2Bj+1, 2A5+1 2Bj+1
~9p " Gy =9 —39q° G 3¢ )4
_ 245+1 2Bj+1 ( 2AL+1  2Bj+1
=Gy 9q 9p —Yq (mOd PQ)
245+1, 245+1 2Bj+1 2Bj+1, 2A5+1 2Bj+1
9p Gy =g IPt+gy (Gt —9q 0 )4
245+1 2Bj+1 ( 2A5+1 2Bj+1
D 9q Ip —Yq (mOd PQ)

Xy



DR X3+, X0

245+1, 24541 2B5+1 2By+1, 2441 2B5+1
o 0 P T o PR (v o I
245+1 ( 2AL+1 2B5+1 2By+1 ( 24L+1 2B5+1
t9p ° (gpz —9q " )p+g : (gpz —9q° )
_ 2AL+1 2Bj+1 [ 24L+1 2B5+1 245+1 2By+1 [ 245+1 2B5+1
:gpz ng (gpz +gq2 )+gp2 ng (gp2 _ng ) (mOdPQ)
24041, 245+1 2B)+1 245+1, 2A5+1 ZB +1
9p Gyt F+gg I+, (9 q P
2By+1 [ 245+1 2Bj+1 2By+1 [ 24%+1 2Bj+1
t9q " (gp t9q° )q+g ’ (gpz —9q° )

_ 24%+1 2Bi+1 ([ 2A%+1 2Bj+1 245+1 2Bj+1( 2A%+1  2Bj+1
=09 Y9q 9p +gq +gp 9q

24041, 245+1 2B)+1 24L 41 2Bj+1 2By+1 [ 24L+1 2B)+1 245+1
9p Gy " tGg " *gy " —dq Pt gg’ (gpz t9,° t9°
_ 2A%+1 2Bj+1 ([ 2A%+1 2B5+1 245+1 2B5+1
=g,° dq° (pz +97° +9,° —9g° ) (mod pq)
245+1 ( 2AL+1 2AL+1 2By+1 ( 24L+1 245+1
v 2 ( 2 +g 2 )p+g 2 (gp 2 +gp 2 )q
_ 2AL+1 2Bj+1 ([ 2A%+1 245+1
= p2 q2 (p2 +gp2 ) (mOdPQ)
2AL+1 245+1 2Bj+1 245+1 245+1 2Bj+1 245+1
Gp 2 PX29,7 +gq 0 AX29,° =g, " gq ' X2g,°  (modpq)
DK (2,pq) =1 X Viiid%E 2 TEl5 T
2AL+1 245+1 2B5+1 24L+1 _  2A%+1 2Bi+1 245+1
Gp 0 PXGpt tggl qXgyt =Gp° 9q° Xgp o  (modpq)
. 4AL+2 2By+1 24%+1  _ 4AL+2 2Bj+1
Sy PG 9yt A=9p 2 dq @ (modpq)

ZOW (gp,p)=1 (gp.a)=1 £ (g,,pq) =1

. (g;A2+1 ,pq) -1

BE - T “2“ T 5T

245+1 232+1 24541 2B5+1

9p 2 P+9; 7 q=9, 7 g (mod pq)

Ip —Yq ) (mOd PQ)



I. (gp.q)=1 22 (gq.p)=1 TH2HK

24 2B, 24 2Bj+1
9 p+g; q=g, 2+,1 25241 (mod pq) ’
= q=g,"" (nodp) 2 p=g™" (modq)
g;A’2+1p+gsB§+1q Eglz)A,2+1 §B;+1 (mod pq) DI

EreorriR

245+1 2Bj+1

g2t 4 g2Plg = g2t g2 (mod p)
DD

g;A;+1p n g;BZ’+1q = g;A;+1gfIB§+1 (mod q)
LIEECH 5,
X, kidofitlix

g;B;Hq = g;A;+1 2B§+1 (mod p)

DD

g;A;+1p = g;A;+1g;B;+1 (mod q) _*3

LIEECH 5,

ZOW (gy,p)=1 X9 (gsBéﬂ,p):l

X (g9p.9)=1 &V (g;A;“,q) =1

ftoT, FRoABEROWLE g2, g2 czhZnEl-<

245+1

q9=9p (mod p)
DD
p= gfIBéﬂ (mod q) ___ x4

p
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