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+ 9, )p + g, + 9,

=gzcz+1g202+1 2C2+1+g;C2+1) (mod pq)

—dJp q

g;C2+1p % 2gzc2+1 + g;D2+1q % 2gzcz+1 = g;cz+lg;D2+1 x 2g12162+1 (mod pq)

ZOWR (2,pq) =1 X Vilpld% 2 THloT

2C,+1 2C,+1 2D,+1 2C,+1 2C,+1 _2Dp+1

G o x g+ gi g x g = g2 g2 x g2 (mod pq)
g262+2p + g;D2+1g§CZ+1q = g;C2+292D2+1 (mod pq)

o (gp,p)=1 (gp.0)=1 &Y (g,.pq) =1

(g2C2+1 ’pq) =1

feoTHNE g2 THloT

2C,+1 2D,+1 2C,+1 _2D,+1

9 P+ 4=9, " g (mod pq)



I. (gp,9)=1 22 (gq,p)=1 TH2H

g§C2+1p + g;DZHq = g;Cz+1g;Dz+1 (mod pq)
N q= gZZJC2+1 (mod p) i Se) p= g;D2+1 (mod q)
gzczﬂp + g;DZ“qu = g;CZJrlg;DZH (mod pq) DI
EReo iR
gzz,CZHP n g;D2+1q = g;CZHg;DzH (mod p)
>0
gzz,CZHP n g;D2+1q = g;CZHg;DzH (mod q)
LFfETH 5,

X, Eico itz

g;D2+1q = g2C2+1g2D2+1 (mod p)

p a

D
g;C2+1p _ gzz)cz+1g;DZ+1 (mod q) Yes
LRETH 2,

ZOR (gg,p)=1 &V (g;DZH,p):l

X (gp0)=1 XY (g,7"q) =1

p

fto<., FEtoRRomlz g2t 22" cznzFnE o<

q p

2C,+1

9=, (mod p)
i)

p= géDzH (mod q) __<



oW, JuoEROznZhic gt g% ARG be s L

q

Y3 DIHRAN LR B 72050 O FRER &S o FRXIEFETH 2,

LLEX Y, EEdom@Enr iz 5,



(i °H 2856

(9p,9)=1 »2 (gqp)=1 Th2H

q=g.% (modp) #2 p=g2*" (mod q)

= gzz,c{p + g;D{Hq = gzcigsDHl (mod pq) DFEEW

. (9p,9)=1 22 (g,,p)=1 ThH2H

q= 9;2;61 (modp) 2 p= gsD{H (mod q)

= g p+g. g=g"g.""" (mod pg)

2D +1

q = gIZJC{ (modp) »> p= 9q (mod q) T®H %Ik

p+tq EgZC{ (modp) 72 p+gq Eg;D{Jr1 (modq) _x THBH»H

MM} % 5&fF m =p, M =q
pq = Mgmg M M;=qM; =1 (modp)
(my =p,my;=q) my=q, My=p
M M. =1 (mod my) M,M; =pM, =1 (mod q)

KXo TEDLNDIEE L

1 2Cq ; 2D{+1
ao = MlMlgp 1 + MzMzgq 1

&35,

OB, AT RT3 a o0 2 ATRR

a=ay, (modpq) (a=p+q



T+1

a = M;Mjg2% + M,Myg2" " (mod pg)

p+q=MMg + MM;gZ" " (mod pg)

p+q=qMig. +pMygZ™t" (mod pq)

p+a=(+ap)gi+ (1 +bgg " (modpq)

p+q= g;c{ n apgpci +g2D1+1 +bqg 201+1 (mod pq)

p+q=g2% +agip+ g2 +bg?* g (mod pq)
2D!+1

P+Q—gp1+(aq+np)p+g + (bp + mq)q (mod pq)

2D]+1

P+Q—gp1+mm4ﬂw +9, + bpq + mq? (mod pq)

2D]+1

p+a=g2 +np?+ g2t 4 mg?  (mod pg)

p+q=np*+mqg®+ gpc1 + g2D1+1 (mod pq)
Z DR LEd o 1%
p+q=np?>+mqg®+ gpc1 + g2D1+1 (modp) _ %

VIRNE

p+q=np?+mg?+ g+ gl (modq) _®

LFETH %,

& oDk

2D]+1

p+q=np?+mg+gii+ g (mod p)

2D]+1

g=ma*+ g, + gl (mod p)

2D]+1

92 =mg? + g2 + g2 (mod p)



925 = mqq + g2 + g2 (mod p)
0= mgf,qq + gCZID{+1 (mod p)
mg2¥ig + g2"* =0 (mod p)
mg2fiqg = —g2"*"  (mod p)

mg2fig? = —g?"*'q  (mod pq) _®
© o

p+q=np?+mqg+ gf,q + g;D{H (mod q)

2D +1

q (mod q)

2¢q
p=np’+g, +yg

p=mwpp+g, "t +got " (mod q)

2DI+1 _ 2DI+1 2¢4 2D +1
9q " =Engg ' ptg,'+gg  (modq)

2D]+1

0 = ng2Pi*'p + g2

» (mod q)

ngéD{Hp + g;q =0 (modq)

ng2P*'p = —g2%  (mod q)

2D1+1_ o _

ngep?=—g:p (modpq) _ @

¥7. p+q=np?+mqg®+ g;q + gsD{H (mod pq) T®H B IKf

g;qgsl){“ % 2 T <

2C] 2D{+1 _2C] 2D{+1 2C4 2D]
9p "9q p+q) = 9p 94 1 (np? + mq? +9, " +9q 1 (mod pq)

2C{ 2Dj+1 2C] 2D{+1
9p Yq p+9, 9q q



_ 2C{ 2D{+1__» 2C; 2D{+1__ o 2C] 2Di+1 _2Cq 2C] 2D{+1 2D{+1
=9p Yq np®+ 9, "9gq mq°+9, 9q p T 9p 94 9q (mod pq)

2C] _2Dj+1 2C] 2D{+1
9p 94 Pty 9 4

_ 2Cy, 2Di+1 2DI+1, 2C] 4C{ 2Dj+1 2C] 4Dj+2
:gp l(gq 1 npz) +gq 1 (gp 1mq2) +gp 1gq 1 +gp 1gq 1 (mod pq)

2ol ® ©® XY
2Cy 2D{+1 2C; 2Dj+1

9p '9q "~ P+ 95" a

2¢4 2¢] 2D +1 2DI+1 4c] 2DI+1 2C] 4Dj+2
=9, (=9, 'P+9; " (97 D+g,'9;" +3p 94  (modpq)

2Cy 2D{+1 2C; 2D{+1 2 2Cy 2D{+1, 2Dj+1

909 4+ 9592 a9, (925 p) + 927 (92" )

_ 4cy 2Di+1 2C] 4Dj+2
=9, '9 " +9,'9, " (modpq)
2C] 2Dj+1 2C] 2Dj+1 ac] 4DI+2  _ 4C! 2D]+1 2C] 4Dj+2
9p '9q " Pty '9q  atd,'p t9q ' A=9, 9 +t9p'9q '~ (modpq)
ac] 2C] 2Dj+1 2C¢] 2Di+1 4D{+2 _  4CI 2D]+1 2C] 4Dj+2
9p P+39, 9 P9y, 9 4t9gq ' a4=9gp, 95 +9p 94 =~ (modpq)

2¢] . 2c] 2DI+1 2DI+1, 2c] 2D]+1 2¢] 2DI+1( 2c] 2DI+1
93G5y + i M + i (0l + 927 g = g3 g2 (935 + 927Y)  (mod p)

3



X, q= gp G (modp) »2 p= gZD1+1 (mod q) T®H B

—q=-g.% (modp) #2 p=g2*" (mod q)

p—q= _gp ¢ (modp) D p—q=g 2D1+1 (modq) _x THEH0H
MM % 5&fF m =p, M =q

pq = Mgmg MM;=qM; =1 (modp)
(my =p,m, =q) m,=q, My=p

M M. =1 (mod my) M,M, =pM; =1 (mod q)

KXo TEDLNDIELE L

by = MlMigzc1 + MzMég;Dlﬂ

&35,

Z oW, EVARIK LT 3 o DLk
b=by, (modpq) b=p-q

+1

b= MlM{gZC1 + MZM’gZD1 (mod pq)
p—q=—MMg + MMygZ"* (mod pq)
p—q=—qMg>% +pMsgZ"*" (mod pq)
p—q=—(1+ap)gi + (1 +bpg2™*"  (mod pq)
p—q=-g.% —apg + g2 4 bagZ”* (mod pg)
p—q=-g.% —ag:p+ g2 +bg2" g (mod pg)
_ 2D]+1

p—q=-g, " —(aq +np)p+g, + (bp + mq)q (mod pq)



p—q= —gzcl —apq —np® + g;Dlﬂ + bpq + mq? (mod pq)

p—q=-g;," —np?+ 9. + mq®  (mod pq)

p—q=-np’+mg’~g," +g," (mod pq)

¥72. p—q=-np?+mq? - gzci + gsD{H (mod pq) T» Bk

g2C g2t AW NG

2C] 2Dj+1 2C] 2Dj+1 2¢] 2DI+1
9p Gq ) =gy gq  (—pr+mg?— g, + g (mod pg)

2Cy 2D{+1 2C; 2Dj+1

9p Yq P—39p Yq q

2C{ 2Dj+1 2C] 2D{+1

_ 2 2 2C] 2Dj+1 _2C] 2C] 2D{+1 2Dj+1
z_gp gq np +gp gq mq _gp gq D + p

9q " Yq (mod pq)

2Cy _2D{+1 2C; 2D{+1
9p Yq P—9p Yq q
_ 2¢y ( _2D{+1 2D{+1 ( 2C 4C{ 2D{+1 2C{ _4D{+2
=-g," (gq ! npz) +9; " (gp lqu) -9y 95 +9p,'9, " (modpq)

ok ® ©'XDY
2¢] 2D]{+1 2¢) 2Dj+1
9p 94 P—9p '9q 4

2¢] 2¢] 2DI+1 2D]+1 4Cy 2DI+1 2C] 4Dj+2
= —g3% (—g2%p) + g2 (~g27 q) — g, 92" + g2 g (mod pq)

2C{ 2Dj+1 2C] 2D{+1 2¢y, 2] 2D{+1, 2Dj{+1
9p "9 P—9p 9q 4—9p (9p D) tq 9q = 9

4C] 2D]+1 2C] aD{+2

=-9p 95 t9p Y4 (mod pq)
2C] 2D{+1 2C] 2Dj o4 Di+2  _ c{ 2D 2C] 4D{+2
95090 p— 9,095 a—g, P + 9y a = —g, Mgy T 579 (mod pa)

4cy 2C; 2D{+1 2C; _2Dj+1 4Dy+2  _ 4C; 2D{+1 2C; _4D{+2

_gp p+'gp gq p_gp gq q+gq q:_gp gq +-gp gq (mOdPCI)



zc 2D +1 2D +1, 2D]+1 2c 2D]+1 ( 2D]+1 2¢]
gt - g “p + g2 9. - g; “yq = p 9q (gq -9y 1) (mod pq)
2¢] 2D +1 2D +1, 2Cy 2D +1 zc 2DI+1 ( 2C) 2D]+1
-g, 1( ! Y9 Gy 9 )I=—Gp, "9 (gp '—gq ) (mod pq)
2¢] 2D +1 2DI+1, 2c] 2D +1 2C] 2Di+1( 2c] 2D]+1
g, 1( ! Ylp+gs Gyt Y)a=9,"9q " (gp '—gq " ) (mod pq)

Ko



TR X+, XV

2D]+1

g;cl( pc1+gzbl+1)p+gq (gzc1+ 21)1+1)
2c! . 2c! zp +1 2DI+1, 2c! 20 +1
+9, (9, ! Ydptgst @9 )
_ 20 2D +1( 2C] 2D]+1 2C;] 2Di+1 ( 2C] 2D]+1
=9y 9q ( ttgg )+gp 9q " (gp =9, ) (mod pq)
2c] 2D]+1 2c¢i . 2c] 2D +1
gpl(gp1+g ! )p+gp (9, " )
ZD +1, 2c] 2D]+1 2D +1 2c¢! 2D]+1
1(p1+gl)q+gl(gl— )
_ 20 2D +1( 2C] 2D]+1 2C] 2Di+1 ( 2C] 2D]+1
=9, '9q (gp ttgq )+gp 94 " (gp '—gq " ) (mod pq)
2¢y 2D]+1 2¢4 ZD +1 2D{+1, 2C] 2D]+1 2¢] 2D]+1
gpl(gp1+g Yt g, 9 Pt Gyt 9 9, 94 )4

2C] 2Dj+1( 2Ci 2D +1 2¢] 2D]+1
= g5 g2 (g2 + g2 + g2 - g2 ™) (mod pg)

2D +1 2¢q 201+1 zc{+ 2¢q
9p

2¢] . 2C1 2¢4 2¢] 2¢4
9p Gp "+ 9, I +gq " (9" + 9, D=9y (mod pq)

2C, _ 2C) 2Dj+1

2c!
qXxX29, " =9,"94 " X29,"

2¢)

92ip x ngcl n g2D1+1

(mod pq)

ZOWR (2,pq) =1 L Vilpld%E 2 THloT

2D} +1 2¢, _  2¢) 2Di+1 2¢)

qxX9, =9y 94 Xgp ' (modpq)

2¢)

2c!
9p 'PX gy +9qg

ac] 2Dj+1 _2C, _  4c! 2D]+1

c 9y P+9q " 9p A=y 'Yq (mod pq)

Z O (gp,p)=1 (gp,q)=1 Xh (gp,pq)=1

~ (2% pq) =1

ft>CmlE g2 cHlo<

92%p + g’

2D]+1 2¢! 2Dj+1

q9=09p 'Yq (mod pq)



I.  (gp,9)=1 »2 (gq.p)=1 T2k

2¢] 2D]+1 2¢! 2p!+1
9p 'P+9s ' a=9, 9, (modpq)

= 9= g;c{ (modp) 22 p= g;D{H (mod q)

Q;C{P + g;n{ﬂq = g;cig;D{H (mod pq) DI

EReorrR

2¢q 2D} +1 2¢, 2D]+1

9 p+9s " a=g,"g, (mod p)
3D

g p+9." g =g, g (mod q)

ERfETH B,

X, Eico itz

2D{+1 2C] 2D{+1

94 ' A=y 'Yq (mod p)
23D

g2 = g2 g (mod q) Yo

LRETH 2,
- £ 2D{+1
O (g4.p)=1 &Y (gq ,p)=1

X (gpa)=1 X9 (g%q)=1

ftoC. ERorERomE g2, ¢2% cznEhiloT

q= gzcl (mod p)

Vi)



p= g;D{H (modq) __ %

C OB, Yo ofiBRO TN 2P, g2 Rl AbE D L

q

1 DHBAN R B 72050 O FBER & o FRXIEFETS 2,

PUEXY. hEom@EsKIT %,



[ivTd 254

(9p,9)=1 »2 (gqp)=1 Th2H

_ 2Cy+1
q= gp

2¢5+1 2D}
e g,

(modp) 22 p= g;DZI (mod q)

p+gsiqa=g, " gs (modpq) DFEH

. (9p,9)=1 22 (g,,p)=1 ThH2H

_ 2Ch+1
q= gp

_ 2Cp+1

ngp q

(modp) 22 p=g

(mod q)
2C2+1p " g;DZC[ = g;czﬂgénz (mod pq)

(modp) »2 p= gZDZI (mod q) T®H %Ik

p+q= g;CéJr1 (modp) 2 p+q= gsDé (modq) _x THH»H

MM} %5t

pq = Mgmg
(my=p,m, =q)
MM = 1 (mod my)

KXo TEDLNDIEE L

; 2C3+1 , 2D}
ag =M Mig,* "+ M;M3g9,*

&35,

Z D, EZERFEK 2L T 5 a DIED

a=ay, (modpq) (a=p+q

my=p, My=q
M M;=qM; =1 (modp)
m,=q, My=p

M,M; =pM, =1 (mod q)

X UNFEETIFEN



1 2Cy ' ;
a=MMg,"" +M,Myg;” (mod pq)

p+q=MMg " +M,Myg2”  (mod pq)

p+q=qMig, ™ +pMygl™  (mod pq)

p+q=(+ap)git + (1 +bg)g?*  (mod pq)

p+q=g2%" +apg? + g2% + bgg?®  (mod pq)
p+q=g2%" +ag? p+ g2% £ bg2%q  (mod pq)
p+q=g2%" + (aq +np)p+ g2 + (bp +mq)q  (mod pq)
p+q= g% +apq +np? + g2 + bpg + mq?  (mod pq)
p+q=g2% " +np?+g2% +mq?  (mod pq)

2C]+1 2D,

p+q=np’+mqg*+g," +g,° (modpq)

Z DR LEd o 1%

_ 20541 2D,
p+q=np*+mqg*+g,? +g,° (modp) @

VIRNE

p+q=np?+mg+g,"" +g;” (modq) _®

LFAfETH 5,

@ Dk

p+q=np?+mqg®+ gicéﬂ + gsDé (mod p)
q =mqg®+ gf,céﬂ + gsDé (mod p)

92 = mq? + g% 4 g2%  (mod p)



2C3+1 2C5+1

2D;
9, =mqq+g, ’

+ 9q (mod p)

2C3+1 2D}

0=mg,” q+4, (mod p)

2C;+1

2D,
mg,” qtg° =

0 (mod p)

mgl*q = —g2%  (modp)

20541 5 _

mgr g% = —g2”q (modpq) _@'

LI

2C3+1 2D;

p+q=np*+mqg*+g, +g, > (modq)

_ 2C5+1 2D,
p=np*+g,” +gg°

a (mod q)

2C;+1

2D,
p =npp + g, :

+gq

(mod q)

2D) _ 2D, 2C;+1

2D,
9q *=ngg 'p+9,° +9gq° (modq)

2D, 2C5+1

0=ng, ‘P+9, (mod q)

2D, 2C5+1

ng, ‘'p+9, =0 (modq)

ngPip = —g2%**  (mod q)

2D, 2C5+1

ng, ‘p*=-g,° p (modpq) _®

¥72. p+q=np?+mqg?+ gzz,c2+1 + g;DZ (mod pq) T®H %Ki

g2t g2 A LI M <

2C5+1 2C3+1 2C5+1

2Dy 2D, 2D}
9p " 9 P+t =g, gg mp*+mq®+g,* +gg°)

(mod pq)



2C;+1 2D, 2Cy+1 2D,
Ip 9q P+ Gy 9q

_ 20541 2D) 5 2C;+1 2D, 2 2C3+1 _2D) 2Cy+1 2C3+1 _2D5 2Dy
=9 gq "MP° + gy gq ‘mq° tg, 9q 9p + 9, 9q Yq (mod pq)

2C,+1 2D, 2C3+1 2D,
Ip 9q P+ 9p 9q

_ 2Cy+1, 2D, 2Dy, 2Ci+1 4Cy4+2 2Dy 2C5+1 4D,
=g, (g9, ‘mp*) +gg (g, ma*) + g, gyt +9, " g, 0 (mod pq)

okt @ ®'&Y
2C3+1 _2D) 2C3+1 2D,

9p " Gg P+Gp 7 944

20541 20541 2D, 2D, 4Cy+2 2D} 2C,+1 4D,
=9 2 (=9, *1p) +39q (=94 ‘D + 9, 2t 9q >+ 9y 2t g, ° (mod pq)

2C3+1 _2D) 2C3+1 2D, 2C3+1, 2C5+1 2 2D;

9 g+ 92 gt q + 0. (9 ) + 922 (927 q)

_ _4Cy+2 2D, 2C5+1 4D,
=9," "9q °+9,° gq (modpq)

2C3+1 _2D) 2C3+1 2D, 4Cy+2 4D) 4Cy+2 2D) 2C3+1 _4D.

9p " 9q P+9p " 9q°a+ 9, P +dq 4=9p " "9q "t 9y gq (modpq)

4Cy+2 2C;+1 2D, 2C;+1 2D,

4Dy _ 4Cy+2 2D} 2C5+1 4D,
9p 2 P+ 9,7 9 P+ Gyt 9q 4t 9q A=9p " Gg tIp - ’

9p 2 gq ° (modpq)

2C;+1, 2Cy+1 2C5+1

2D, 2D, 2D) 2C54+1 2D, 20541
9@ gt + 92 (92 + 957 a = 957 gl (90

X3

95" + g2 ) (mod pq)



X.q=g 2C2+1 (modp) 2 p= gczzDzr(mOd Q) TH 2k

—q=-g;"" (modp) »> p=gi (mod q)

p—q=—g**" (modp) »° p—q=g2(modq) _x THEHD
MM} %5t my=p, M =q

pq = Mgmg MM =qM; =1 (modp)
(my =p,m; =q) m;=q, My=p

M M. =1 (mod my) M,M, =pM; =1 (mod q)

CXoTEDLNEELE L
bO _ MlM,g2C2+1 _I_MZM/gZDZ
L35,

Z DI, EVERIFEK 2R T 5 b DEHO IR IZ AR
b=by, (modpq) b=p-q

b= M1M1g2Cz+1 + MzMégsDz (mod pq)

p—q= M1M1g2C2+1 + MzMég;Dz (mod pq)

p—aq=-aMig, """ +pMygy”  (mod pg)

205+1

p—q=—1+ap)gi® + (1 +b)gl” (mod pq)

p—a=—g,""" —apg;" + g + bagi™  (mod pq)
p—q=—g " —aglp 4 g2% £ bgZq  (mod pq)

p—q=—g""" — (ag +np)p + g2 + (bp + mqdq  (mod pq)



CI !
p—q=-g,"" —apq —np>+g.”* + bpq + mq?* (mod pq)
p—q=-g,"" —np*+g;” + mq* (mod pq)
p—q=-np?+mq®—g. " + g2 (mod pq)
72, p—q = —np?+mqg? —g;CZJr1 +g;D2 (mod pq) T»H B
g;,CZJrlgsD2 Z W B T
2C5+1 2D, 2C5+1 2D, 2C5+1 2D,
g, gt —a) =g, gy (-t +ma?— g, +g.?) (mod pq)
2C5+1 _2Dj 2C5+1 2D,
9p 2 " 9q P—9p " Yq 4
= —g;CZH g;Danz +g§CZ+1 g;Dzqu —g;CZH ;Dz ;cz+1+g;c2+1 ;DZ ;Dz (mod pq)
2C,+1 2D, 2C5+1 2D,
9p 2 9 P—9p " 9dq 4
2C5+1 2D, 2D [ 2C5+1 4Cy4+2 2D 2C,4+1 4D,
= —g2% (g27mp?) + g2 (925 ma?) — g3+ g2 + g5t g (mod pa)
ok @ ®'LY
2C5+1 2D} 2C5+1 2D
9p " 9 P—9p " 9dq 4
2C5+1 2C5+1 2D, 2D, 4Cy+2 2D, 2C5+1 4D}
= g2 (=g5%" ) + 927 (—93%a) — 952" 932 + 95" g3™  (mod pa)
2C5+1 2D} 2C,4+1 2D, 20541 2C5+1 2Dy ( 2D
9p° 9q P=9p° 9qg 49" (gp ’ p)+gq Z(Qq zq)
_ 4Cy+2 2D, 2C5+1 4D,
=—9p," "9q  +t39p > gq° (modpq)
2C,+1 2D, 2C,+1 2D, 4Cy+2 4Dy _ 4Cy+2 2D 2C,+1 4D,
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